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Abstract
We provide bijective proofs for the number of directed-convex polyominoes having a ﬁxed number
of rows and columns in two ways: by means of the ECO method, and through a correspondence with
the set of 2-colored Grand–Motzkin paths.
Résumé Dans cet article, nous donnons des preuves bijectives pour le nombre de polyominos dirigés
convexes ayant un nombre ﬁxé de lignes et de colonnes, en utilisant la méthodologie ECO ainsi qu’une
application bijective dans l’ensemble des grands chemins de Motzkin bi-colorés.
© 2005 Elsevier B.V. All rights reserved.
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1. ECO method and directed-convex polyominoes
Solomon Golomb is credited with the introduction of the term polyomino in analogy
with the traditional domino in his article [8] published in 1954 in the popular periodical The
American Mathematical Monthly. Thus, a polyomino is a ﬁnite union of cells of the square
lattice Z × Z with simply connected interior. While the use of polyominoes in physical
models pre-dates the introduction of the term, as seen, for example, in Neville Temperley’s
discussion [21] of the roughness of crystal surfaces (recently also alluded to in [17]), it
is undoubtedly the case that it was Golomb who gave considerable impetus to this fertile
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Fig. 1. (a) a column-convex (but not convex) polyomino; (b) a convex polyomino; for both, the bounding rectangle
is shown dotted.
area, similar to recreational puzzles and hard research problems, includingmany that remain
tantalizingly open. For a start, the general enumeration problem still resists resolution. Here,
while the number an of polyominoes with n cells has been determined only for small n (up
to n= 94 in [16]), it is known that asymptotically there is geometrical growth:
limn {an}1/n = , 3.72<< 4.64.
Another similar, seemingly intractable, problem is that of enumerating self-avoiding walks
on the square lattice, the technical discussion of which was initiated by John Hammersley
[10], in 1957, where again still only asymptotic results are available.
Since the obstacle to be surmounted in these problems is to gain an understanding of the
growth of the combinatorial objects in question, we can start from the opposite direction by
imposing constraints to growth.Two such conditions are of special interest to us in this paper:
convexity and directed growth.A polyomino is said to be column-convex [row-convex] when
its intersection with any vertical [horizontal] line of cells in the square lattice is connected
(see Fig. 1(a)), and convex when it is both column and row-convex (see Fig. 1(b)). The
area of a polyomino is just the number of cells it contains, while its semi-perimeter is half
the number of edges of cells in going around the boundary. Thus, an attractive feature of a
convex polyomino is that it is contained in a rectangle, referred to as the bounding rectangle,
in the square lattice which has the same semi-perimeter.
Turning now to impart a sense of direction to the growth of polyominoes, this can be
achieved conveniently by means of the familiar notion of a proper lattice path in the square
lattice, namely a path between two lattice points that consists of some combination of unit
steps, up or to the right, along the lines of the lattice.A polyomino is said to be directedwhen
each of its lattice points can be reached from its bottom left-hand corner by a proper lattice
path (this deﬁnition differs only from the one that is often given in being formulated, in
effect, in terms of the dual lattice of points rather than cells). A directed-convex polyomino
is then one that is both directed and convex (see Fig. 2(a)). By further assuming that the
boundary of a polyomino comprises two proper lattice paths between two lattice points that
intersect only at these endpoints, we obtain a notable special sub-class of directed-convex
polyominoes known as the parallelogram polyominoes that are the pieces in the well-
known Catalan jigsaw featured in [23] (thus, the polyomino in Fig. 2(b) is a parallelogram
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Fig. 2. (a) A directed-convex polyomino; (b) a parallelogram polyomino.
polyomino, but that in Fig. 2(a) is not.) It is natural to refer to the two proper lattice paths
deﬁning the boundary of a parallelogram polyomino as the upper and lower paths, in that,
except at the end points, one runs above the other; of course, both these paths have the same
number of unit steps up and to the right.
There is by now a very considerable literature on the enumeration of polyominoes, and
a review of these topics appears in a companion paper [5] to our present discussion. Here,
we call particular attention to the contribution of Lin and Chang, in [11], who established,
by a style of argument that had been deployed much earlier by Temperley in [22] to handle
related problems, that the numbers of directed-convex polyominoes and of parallelogram
polyominoes in a bounding rectangle of the square lattice having q rows and p columns are
given by (1) and (2):
(
p + q − 2
p − 1
)(
p + q − 2
q − 1
)
, (1)
1
p + q − 1
(
p + q − 1
p − 1
)(
p + q − 1
q − 1
)
, (2)
the second formula (2) being due to Narayana, in [13]. In the case where the bounding
rectangle becomes a bounding squarewith n+1 rows and columns, these formulae become:
(
2n
n
)2
(3)
and
1
2n+ 1
(
2n+ 1
n
)2
, (4)
respectively. Moreover, it follows, from (1) and (2), that the number of directed-convex
polyominoes having semi-perimeter p + q = n+ 2 is equal to:
∑
p,q1
p+q=n+2
(
p + q − 2
p − 1
)2
=
n∑
k=0
(n
k
)2 =
(
2n
n
)
, (5)
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that is, the n-th central binomial coefﬁcient (see entry A000984 in [19]). Analogously, the
number of parallelogram polyominoes having a semi-perimeter n + 2 is the nth Catalan
number Cn, given by
Cn = 1
n+ 1
(
2n
n
)
, (6)
(for which the corresponding entry in [19] is A000108).
Our intention here is to re-examine the generation and enumeration of the following
classes of directed-convex polyominoes:
(1) Dn the class of directed-convex polyominoes having the semi-perimeter n+ 2, n0;
(2) Pn the class of parallelogram polyominoes having the semi-perimeter n+ 2, n0;
(3) Dp,q the class of directed-convex polyominoes having p columns and q rows, p, q1;
and
(4) Pp,q the class of parallelogram polyominoes having p columns and q rows, p, q1.
But we do so, as in [5], from the perspective of the Enumerating Combinatorial Ob-
jects(ECO) method introduced in [2]. The ECO method is an attempt to tackle the fun-
damental challenge of understanding the growth of combinatorial objects head-on. It seeks
to generate all the objects of a given class indexed by a speciﬁed parameter, roughly the
size, by performing local expansions systematically on each object of the preceding size. Of
course, this is an entirely natural, as well as a very general, objective, and it should be noted
that similar algorithms have been formulated independently and at about the same time, as,
for example, the reverse search method in [1] and that of canonical construction paths in
[12]. But the ECO method has perhaps been developed more with enumeration in mind,
as we show here in obtaining various statistics on directed-convex polyominoes. Thus, we
start, in the next Section, by using the ECO method to re-derive (5) and (6) bijectively.
In ﬁner detail, we look at directed-convex polyominoes in a bounding rectangle with p
columns and q rows in Section 3, where we present bijective proofs of (1) and (2), call-
ing upon a correspondence between the class Dp,q and a special subclass of two-colored
Grand–Motzkin paths, depending on p and q, which extends easily to the classDp+q . Con-
tinuingwith this bijection, in the ﬁnal section,we show that the restriction to directed-convex
polyominoes with semi-perimeter 2n+ 2 that are symmetric about their main diagonal pro-
vides a simple conﬁrmation of the result in [6] that their number is also the nth central
binomial coefﬁcient.
2. An ECO operator for the class of directed-convex polyominoes
2.1. Reprise
ECO is a method for recursive generation and enumeration of a class of combinatorial
objects, O, by means of an operator ϑ which performs “local expansions” on the objects of
O. More precisely, let p be a parameter on O and, for any n0, On={O ∈ O : p(O)= n};
the parameter p must have the property that, for any n0, On is a ﬁnite set. An operator
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ϑ on the class O is a function that, for any n0, maps On into 2On+1 , where 2On+1 is the
power set of On+1.
Proposition 1. Let ϑ be an operator on O. If ϑ satisﬁes the following conditions:
1. for each O ′ ∈ On+1, there exists O ∈ On such that O ′ ∈ ϑ(O),
2. for each O,O ′ ∈ On such that O 
= O ′, ϑ(O) ∩ ϑ(O ′)= ∅,
then the family of setsFn+1 = {ϑ(O) : O ∈ On} is a partition of On+1.
If ϑ satisﬁes conditions 1 and 2 above, then all the objects of O are generated, and each
object O ′ ∈ On+1 is obtained from a unique O ∈ On. The construction performed by the
ECO operator ϑ can be described suitably by a generating tree [2,4], i.e., a rooted tree
whose nodes correspond to the objects of O. The root, placed at level 0 of the tree, is the
object with minimum size, saym0. The objects having the same value of parameter p lie
at the same level, and the sons of an object O are those produced by O through ϑ.
More speciﬁcally, the construction determined by a generating tree can be formalized by
means of a succession rule  of the form:
(a),
(k)(e1(k))(e2(k)) · · · (ek(k)), (7)
where a, k, ei(k)∈N+, meaning that the root object has a sons and the k objectsO ′1, . . . ,O ′k ,
produced by an objectO are such that |ϑ(O ′i )|= ei(k), 1 ik. One of the main properties
of succession rules, the so-called consistency principle, is that each label (k)must produce
exactly k elements. A succession rule describes a sequence (fn)n0 of positive integers,
where fn is the number of nodes at level n of the generating tree and its generating function
is denoted by f(x) =
∑
n0 fnx
n
. Then we have fO(x) = xmf(x), where fO(x) =∑
nm |On|xn is the generating function of O according to p. Ifm=0 then fO(x)=f(x).
2.2. The ECO construction
Let us now focus on the class of directed-convex polyominoes and consider the operator:
ϑ : Dn → 2Dn+1 , n2
working as follows on any given P ∈ Dn, such that the length of its rightmost column is
equal to k (see Fig. 3, where k = 3):
(i) ϑ glues a unitary cell to the right of each cell constituting the rightmost column of P
(one obtains k polyominoes having the length of rightmost column equal to 1);
(ii) ϑ glues a column of length h, 2hk to the rightmost column of P, with the top of
the glued column at the same level as the top of the rightmost column (one obtains
k − 1 polyominoes having the length of the rightmost column equal to 2, 3, . . . , k,
respectively); and
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Fig. 3. The ECO operator on directed-convex polyominoes.
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Fig. 4. The ﬁrst levels of the generating tree of the operator ϑ.
(iii) ϑ glues a cell onto the top of the rightmost cell of the topmost row of P, one cell
onto the top of the rightmost column of P, and two cells onto the top of each column
between the two inserted ones (if there is any). One obtains 1 polyomino having the
length of the rightmost column equal to k+ 1. If P is a parallelogram polyomino, then
operation (iii) reduces to adding a cell on the top of the rightmost column of P.
The reader can verify that ϑ satisﬁes conditions 1 and 2 of Proposition 1. Fig. 4 depicts
the ﬁrst levels of the generating tree associated with the operator ϑ.
It should be clear that, for any given P ∈ Dn, we have |ϑ(P )| = 2k, and the generating
tree of ϑ can be described by means of a succession rule of the form:
(2),
(2)(2)(4),
(2k)(2)k(4)(6) · · · (2k)(2k + 2), (8)
where the power notation stands for repetitions. The expression in (8) means that the root
object, i.e. the single-cell polyomino, has 2 sons, and the 2k objectsO ′1, . . . , O ′2k , produced
by an object O are such that |ϑ(O ′i )| = 2, 1 ik, and |ϑ(O ′k+j )| = 2(j + 1), 1jk.
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Fig. 5. (a) The application of the operator ϑ′ to a Grand–Dyck path ending with a rise step; (b) the application of
the operator ϑ′ to a Grand–Dyck path ending with a fall step.
In the next paragraph, instead of determining the generating function of the rule (8), we
prove bijectively that the number of directed-convex polyominoes having semi-perimeter
n+2 and the number of parallelogram polyominoes having semi-perimeter n+2 are given
by (5) and (6), respectively.
2.3. A construction for Grand–Dyck paths
In the discrete plane, a Grand–Dyck path (or bilateral Dyck path) is a sequence of rise
steps (1, 1), and fall (1,−1) steps, running from (0, 0) to (2n, 0). In a Grand–Dyck path,
we call peak (valley, resp.) each pair of consecutive rise and fall steps (fall and rise steps,
resp.). If the path ends with a fall step, then by last descentwemean the last sequence of fall
steps of the path. The number of Grand–Dyck paths having semi-length n is well-known to
be equal to
(
2n
n
)
(for details, see [20]).
The aim of this Section is to deﬁne an operator ϑ′ which constructs the class of Grand–
Dyck paths according to the succession rule (8). Let G be a Grand–Dyck path of semi-
length n:
• if the last step of G is a rise step, then ϑ′(G) is obtained by inserting a peak or a valley
into the last point of G (Fig. 5(a)); in this case |ϑ′(G)| = 2;
• otherwise, ϑ′(G) is obtained by (Fig. 5(b)):
(A) inserting a peak into any point of the last descent of G,
(B) reﬂecting all the paths obtained in (A) (except the one obtained adding a peak at the
end of G), and
(C) inserting a valley into the last point of G.
In this case, kbeing the number of points in the last descent ofG, |ϑ′(G)|=k+(k−1)+1=2k.
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Fig. 6. The ﬁrst levels of the generating tree of the operator ϑ′.
It is not difﬁcult to verify that ϑ′ satisﬁes conditions 1 and 2 of Proposition 1. As a
consequence we have a proof of the enumeration result (5) and a bijection between the class
of directed-convex polyominoes having semi-perimeter n+2 and the class of Grand–Dyck
paths having semi-length n. Fig. 6 depicts the ﬁrst levels of the generating tree of the operator
ϑ′, isomorphic to that in Fig. 4.
2.4. Further results
Let an,k , n0, k1, be the number of directed-convex polyominoeswith semi-perimeter
n+ 2 and having k cells in the rightmost column; by construction, this number equals the
number of labels (2k) at level n of the generating tree of the rule (8). Let us now consider
the inﬁnite lower triangular matrix (an,k)n0, k1 (the ﬁrst few terms are given in the table
in Fig. 7.):
As a consequence of the constructions deﬁned by the operators ϑ and ϑ′ in the two
previous sub-sections, we have the following further observations giving a bijective slant
to the approach to enumeration favored by Temperley in [22]:
(i) there is a bijection between directed-convex polyominoes having semi-perimeter n+ 2
where the rightmost column is composed of a single cell and Grand–Dyck paths having
semi-length n and ending with a rise step, since they both correspond to labels (2) at
level n in the generating tree of rule (8). For n1, the number an,1 is clearly given by
one half the total number of Grand–Dyck paths having semi-length n, so that
an,1 = 12
(
2n
n
)
, n1
(see entry A001700 in [19]; further instances of this counting sequence are collated in
[7]); and
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Fig. 7. The matrix ﬁlled by the numbers an,k , n= 0, . . . , 5 and k = 1, . . . , 6, and the row sums.
(ii) there is a bijection between directed-convex polyominoes having semi-perimeter n+ 2
where the rightmost column is composed of k cells, k2, andGrand–Dyck paths having
semi-length n where the last descent is composed of k − 1 fall steps, since they both
correspond to labels (2k) at level n in the generating tree of rule (8).
Since the Grand–Dyck paths of length 2n with a ﬁnal descent of k − 1 fall steps can be
obtained by placing k − 1 rise steps among a set of 2n − k possible positions from 0 to
2n− k − 1, it follows that
an,k =
(
2n− k
n− 1
)
, n1.
In particular, by considering the form of the productions in (8)we can prove that the numbers
an,k satisfy some renewal recurrence relation.
(1) Since each label (2k) at level n of the generating tree of (8) produces exactly k labels
of type (2) at level n+ 1, then the number of labels (2) satisﬁes:
an+1,1 = an,1 + 2an,2 + · · · + (n+ 1)an,n+1. (9)
(2) Since each label (2h), with hk − 1, at level n of the generating tree of (8) produces
exactly 1 label of type (k) at level n+ 1, then the number of labels (2k) satisﬁes:
an+1,k = an,k−1 + an,k + · · · + an,n+1, k > 1. (10)
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Fig. 8. The operator ϑP for parallelogram polyominoes.
It is immediate, from (9) and (10), that the array (an,k)n0 k1 is a Riordan array in the
sense of [18].A rough idea of the structure of thisRiordan array can be found in an alternative
expression for the entries of the ﬁrst column as sums of their predecessors weighted by the
Catalan numbers Cn, n0:
an+1,1 = 2
n−1∑
i=0
Cian−i,1 + Cna0,1, n1.
To capture the general structural property of this array speciﬁcally as a Riordan array, we
introduce the generating functions C(x) and Ak(x), as follows:
C(x)=
∑
n0
Cnx
n; Ak(x)=
∑
n0
an+k,k+1xn.
Then, for k0,
Ak+1(x)= Ak(x)C(x),
so that
Ak(x)= A0(x)(C(x))k, k0.
Thus, for k > 0, the entries in the k + 1st column, namely the coefﬁcients of Ak(x), are
sums of those in the ﬁrst column weighted by the ballot numbers, as the coefﬁcients of the
(C(x))k, k > 0 are collectively known.While the factorization ofGrand–Dyck paths implied
by thismight not be difﬁcult to obtain, a description of the corresponding factorization purely
in terms of directed-convex polyominoes seems far from obvious (a similar point arises in
the discussion of stacks in [17]).
Remark 1. Let ϑP be the restriction of ϑ to the set of parallelogram polyominoes. Then
ϑP : Pn → 2Pn+1 ,
works as follows on a parallelogram polyomino P whose rightmost column is composed of
k cells (see Fig. 8):
(i) it glues a column of length h, 1hk, to the rightmost column of P, where the top of
the glued column must be at the same level as the top of the rightmost column of P; and
(ii) it glues a cell onto the top of the rightmost column of P.
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The operator ϑP coincides with the known ECO operator for parallelogram polyominoes
in [2], and leads to the succession rule:
(2),
(k)(2)(3)(4) · · · (k)(k + 1), (11)
deﬁning the Catalan numbers.
Remark 2. As it is proved in [14], also, the following rule deﬁnes central binomial coefﬁ-
cients,
(2),
(2)(3)(3),
(k)(3)(3)(4) · · · (k)(k + 1) (12)
and an ECO operator exists which describes the recursive growth of Grand–Dyck paths
according to (12) [14]. Rules (8) and (12) are then said to be equivalent, since they deﬁne the
same number sequence. The authors wish to point out that the deﬁnition an ECO operator
describing the growth of directed-convex polyominoes according to (12) is still an open
problem.
3. A bijection between two-colored Grand–Motzkin paths and directed convex
polyominoes
We now turn to some more reﬁned results, proving that
• the classDp,q is enumerated by (1),
• the classPp,q is enumerated by (2),
by establishing a direct injection from the class Dp,q (with p, q1), to the class of two-
colored Grand–Motzkin paths.We then extend this injection in a natural manner to the class
Dp+q .
The two-coloredGrand–Motzkin paths are paths in the (tilted) integer square latticeZ×Z
starting at the origin (0, 0) and ending at (n, 0), for some n0, that are made up of some
combination of 2n unit steps of the following four types:
• the rise step (1, 1);
• the fall step (1,−1);
• the -colored horizontal step (1, 0) (graphically represented by a solid unit step); and
• the -colored horizontal step (1, 0) (graphically represented by a dashed unit step).
An example is illustrated in Fig. 9. We deﬁne the class of two-colored Motzkin paths to be
the class of two-colored Grand–Motzkin paths that remain on or above the x-axis.
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α horizontal step
β horizontal step
rise step
fall step
O
Fig. 9. A two-colored Grand–Motzkin path.
0
0
0
0
0
1
0
1
0
1
0
1 0
1
0
1
0
1
0
1
1
1
1
1
O
Fig. 10. Encoding of a two-colored Grand–Motzkin path with a binary matrix.
For anyp, q1, letMp,q denote the class of two-coloredGrand–Motzkin paths of length
p + q − 2 where the difference between the number of -colored and -colored steps is
p− q and let Hp,q be the class preﬁxes of two-colored Motzkin paths of length p+ q − 2
where the difference between the number of -colored and -colored steps is p − q and
whose ﬁnal point ordinate is a positive even number.
3.1. The bijection betweenDp,q andMp,q
We ﬁrst determine the cardinality ofMp,q , and then determine bijections betweenDp,q
and Hp,q , and between Hp,q andMp,q .
3.1.1. The cardinality ofMp,q
Let us take into consideration a generic path P ∈ Mp,q and encode each of its steps by
means of a 2× 1 matrix using the following coding:(
1
0
)
for a rise step,
(
0
1
)
for a fall step,
(
1
1
)
for a -horizontal step,
(
0
0
)
for a -horizontal step.
(13)
In practice, the path P can be uniquely represented by the 2 × (p + q − 2) matrix M(P)
(brieﬂy, M) obtained by concatenating the codings of its steps, as shown in Fig. 10. Let u
and l be the upper and the lower row of M, respectively.
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u
l 
p
q
Fig. 11. The upper and lower paths for a directed convex polyomino.
We observe that:
(i) |u|0 = |l|0 = q − 1, where, for a generic binary sequence j, we indicate with |j |0 and
|j |1 the number of 0 and 1 in j, respectively.; and
(ii) |u|1 = |l|1 = p − 1.
From the previous two equations it follows naturally that:
|Mp,q | =
(
p + q − 2
p − 1
)(
p + q − 2
q − 1
)
.
3.1.2. The bijection betweenDp,q and Hp,q
Let Q be a polyomino inDp,q and pq (we can assume this with no loss of generality).
Let (p − h, q − h) be the last intersection point between Q and the line running from
(p − q, 0) to (p, q). Fig. 11 shows in a simple graphical fashion that the polyomino is
uniquely determined by two internal paths, both running from the initial cell to the cell
identiﬁed by the points (p−h, q−h), and (p−h− 1, q−h− 1). Each of these two paths
is made up of p + q − 2 steps: the upper, say u, is made up of (0, 1), (1, 0) and (0,−1)
steps, and the lower, say l, is made up of (1, 0), (0, 1) and (−1, 0) steps.
Both u and l can be coded by a p + q − 2 length binary vector, where 1 represents both
the steps (0, 1) and (0,−1) and 0 represents both the steps (1, 0) and (−1, 0). Then Q can
be represented by means of a 2 × (p + q − 2) binary matrixM(Q) (brieﬂy M), such that
the ﬁrst row is given by the coding of u and the second row by the coding of l. For example,
the following matrix encodes the polyomino in Fig. 11:
M =
(
1 1 0 0 0 1 1 1 1 0 0 1 0 0 1 1
1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 1
)
.
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Fig. 12. The two-colored Motzkin preﬁx associated with the polyomino in Fig. 11.
Let us point out three properties of u and l:
(1) for every preﬁx s of u and every preﬁx v of l, having the same length, we have |s|1 |v|1;
(2) the difference between the number of columns
(
0
0
)
and
(
1
1
)
of M is p − q; and
(3) |u|1 − |l|1 = 2h.
Besides, the matrix M can be viewed as an array of p + q − 2 vectors 2 × 1 where each
column represents a unitary step, using the code in (13). The properties 1, 2, and 3 guarantee
that the obtained path is an element of Hp,q . In Fig. 12 the two-colored Motzkin preﬁx
corresponding to the polyomino in Fig. 11 is depicted.
To complete our bijection let us consider a genericP ′ ∈ Hp,q and evaluate the parameters
p and q. Using the coding (13) again we obtain a binary 2× (p + q − 2) matrix where the
ﬁrst row represents the upper paths u and the second row represents the lower path l in a
polyominoQ ∈ Dp,q .
In the particular case where Q is a parallelogram polyomino we have |u|1 − |l|1 = 0 and
the corresponding path P ∈ Hp,q is a two-colored Motzkin path. We wish to point out that
the classical bijection between parallelogram polyominoes and two-colored Motzkin paths
[20] arises naturally as a special case of our bijection.
3.1.3. The bijection between Hp,q andMp,q
LetP ′ be a path inHp,q and let (p+q−2, 2h) be its ﬁnal point coordinates. If h=0, then
P ′ is already a two-coloredMotzkin path. Otherwise, for every i=0, . . . , h−1 we consider
the vertical side of unitary length from the point (p+q−2, i) to the point (p+q−2, i+1).
We then draw a horizontal ray to the left from the center of this side. There are h such rays.
Each ray hits for the ﬁrst time a rise step in P ′.
We modify P ′ by changing the steps that are hit to fall steps. In this modiﬁed path the
number of rise steps is equal to the number of fall steps, while the difference between the
numbers of -horizontal and -horizontal steps is the same as in P ′. The obtained path is
that corresponding to P ′ (see Fig. 13).
This mapping is inverted as follows (see Fig. 14): letW be a generic path in Mp,q , and
let −h, h0 be the ordinate of the lowest point of W. From each of the points (0,− 12 ),
(0,−1− 12 ), . . . , (0,−h+ 1− 12 ), we draw a ray to the right until it hitsW, necessarily at
a fall step. Let W ′ be the path obtained fromW in which each hit step is changed to a rise
step. The pathW ′ ∈ Hp,q , and its ﬁnal point ordinate is equal to 2h.
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Fig. 13. The mapping of a preﬁx of Hp,q into a path ofMp,q .
O
Fig. 14. The (inverse) mapping of anMp,q path into the path depicted in Fig. 12.
Remark 3. As a consequence of the previously deﬁned bijection we have that:
• the height of a directed convex polyomino P is equal to the sum of the numbers of rise
and -colored horizontal steps plus one, in the path corresponding to P; and
• the width of a directed convex polyomino P is equal to the sum of the numbers of rise
and -colored horizontal steps plus one, in the path corresponding to P.
Remark 4. The reader should be convinced that the previously deﬁned bijection also de-
ﬁnes a bijection between the set of directed-convex polyominoes having n + 1 rows and
n+1 columns and the set of Grand–Motzkin paths of length 2n and having the same number
of - and -colored horizontal steps. The latter class is trivially enumerated by the numbers
(
2n
n
)2
,
and this proves (3).
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Fig. 15. A symmetric directed-convex polyomino and its coding.
Fig. 16. The path in Hp,q , and the Grand–Dyck path corresponding to the polyomino in Fig. 15.
3.2. Enumerating symmetric directed-convex polyominoes
A directed-convex polyomino is symmetric if it is symmetric with respect to the line x=y
(see Fig. 15). In [6] the author studies some combinatorial properties of this class and proves
that the number of symmetric directed-convex polyominoes with semi-perimeter 2n+ 2 is
equal to(
2n
n
)
.
Our bijection gives a very simple proof of this statement. Indeed, following the above-
deﬁned coding, a symmetric directed-convex polyomino with semi-perimeter 2n + 2 is
represented by a couple of vectors of length 2n, say u= u1 . . . u2n, and l= l1 . . . l2n, where
for every preﬁx s of u and every preﬁx v of l, having the same length, we have |s|1 |v|1,
and moreover
for all i = 1 . . . 2n, ui = 1 iff li = 0.
Let S be a symmetric polyomino; its representation in terms of a binary matrix thus contains
only columns of the type:(
1
0
) (
0
1
)
and then the path in Hp,q corresponding to S contains only rise and fall steps. As a neat
consequence, S is mapped into a Grand–Dyck path of length 2n. Fig. 16 displays the two
steps of the bijection.
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We have therefore established a direct bijection between the class of symmetric poly-
ominoes having semi-perimeter 2n+ 2 and Grand–Dyck paths having length 2n. The latter
class is trivially enumerated by central binomial coefﬁcients.
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